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bstract
The power series method is used to solve numerically the equation of motion of ions in a radiofrequency quadrupole ion trap when
 small octopolar potential is present. Every time step, the coordinates of the ion are represented by a truncated series of degree 15.
he stability diagram of the trap is obtained by using the method to simulate the behavior of hundreds of ions up to a relatively large
ime. The nonlinear resonance lines are observed. The ion’s oscillation frequencies are then studied. Their theoretical expression is
erived and compared to the results of the truncated series solution. 2015 The Authors. Production and hosting by Elsevier B.V. on behalf of Taibah University. This is an open access article under
he CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
eywords: Radiofrequency quadrupole ion trap; Series solution of the equation of motion; Stability diagram; Octopolar potential; Nonlinear
esonances; Ion’s oscillation frequencies.  Introduction
The radiofrequency quadrupole ion trap is a small
nd versatile device which allows to maintain ions in
 small volume of space by the application of a DC
nd a radiofrequency voltage. Since its invention in the
950s by W. Paul and H. Steinwedel, it found multiple
pplications in physics, chemistry, biology, pharmacol-∗ Tel.: +966 72417111.
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having the radius r0 closed by two end-caps located at the
distance z0 from the trap’s center [2]. Usually r20 =
2z20. The three electrodes have hyperboloidal shape.
The end-caps are connected together and a voltage
UDC + VAC cos t  is applied between them and the ring.
Ideally, the potential generated in the volume of the
trap is quadrupolar but for real traps it is more compli-
cated. Its general expression in the spherical coordinates
(ρ, θ, ϕ) is given by [3]
(ρ,  θ) =  (UDC +  VAC cos t)
∞∑
n=0
bnρ
nPn(cos θ) (1)behalf of Taibah University. This is an open access article under the
bn are constants and Pn the Legendre polynomial of order
n. If in addition, the trap has a symmetry about the z  = 0
plane (z  is the trap’s axis), only the even terms have to be
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considered [4]. By taking only the terms of order 2 and 4,
the potential (1) can be written in Cartesian coordinates
as [5]
(r,  z) = A2
r20
(UDC +  VAC cos t)
×
[
r2
2
−  z2 − f
r20
(
z4 −  3r2z2 + 3
8
r4
)]
(2)
A2 is equal to 1 for ideal traps and f is a constant related
to the strength of the octopolar contribution.
The equation of motion for an ion of mass m  and
charge q  under the action of the potential (2) is
d2u
dτ2
+  (au −  2qu cos(2τ))ugu(r,  z) =  0 (3)
where u  = x, y  or z, r2 = x2 + y2, τ  = t2 and
gx,y(r,  z) =  1 − f
r20
(
3
2
r2 −  6z2
)
gz(r,  z) =  1 − f
r20
(3r2 −  2z2)
(4)
au and qu are the Mathieu parameters which have the
expressions
az =  −8A2qUDC
mr20
2 =  −2ax =  −2ay
qz = 4A2qVAC
mr20
2 =  −2qx =  −2qy
(5)
A trapped ion performs oscillations with the funda-
mental frequencies ωu =  βu 2 [5]. βu is function of the
Mathieu parameters.
The trapping is possible only for qz and az chosen in
some regions of the (qz, az) plane. The usual region is
called the lowest stability domain and corresponds to βz
and βx = βy (noted βr) having the values between 0 and
1 [6].
Simulations of the trapped ions dynamics in radiofre-
quency quadrupole ion traps have been realized since
decades now [7,8]. The positions and velocities of every
ion are calculated by solving numerically the equation of
motion or using its analytical solution. The power series
method has also been used to solve numerically the ion’s
equation of motion [9,10]. It allows to get accurate results
with a relatively small calculation time. The trajectories
of hundreds of ions up to several milliseconds can be
calculated very quickly. This is useful when some param-
eters such as the Mathieu parameters are scanned with
small steps. Several thousands of cases can be studied in
few hours.ity for Science 10 (2016) 407–411
2.  Resolution  of  the  trapped  ion  equation  of
motion using  the  power  series  method
The use of the power series method for the resolution
of the trapped ion equation of motion is explained in
details in Refs. [9,10]. The variable ξ = t  (RF phase) is
considered. To calculate the velocity and the position of
an ion from t  = 0 to tmax, the time step t  is taken equal
to 19% of the RF period T  = 2π

. For the Nth step the
coordinates x, y  and z are represented by the truncated
series
x =
15∑
n=0
An(ξ  −  Nξ)n
y =
15∑
n=0
Bn(ξ  −  Nξ)n
z =
15∑
n=0
Cn(ξ  −  Nξ)n
(6)
with ξ  = t  = 0.38π. The coefficients A0, A1, B0, B1,
C0 and C1 are obtained from the initial conditions for
N = 0, then by imposing the continuity of the position and
the velocity for the other steps. The other coefficients are
given by recursion relations.
3.  Simulation  of  the  trap’s  stability  diagram
The truncated series solution of the ion’s equation
of motion can be used to simulate the first stability
domain for a radiofrequency quadrupole trap. For that
we considered the evolution of the position of 200
ions of mass 1 amu up to 10,000 periods of the RF
field (ξmax = 2 ×104π) in a trap having r0 = 7 mm and
z0 = 5 mm. The ions were first generated inside the trap
volume with uniform random positions and Maxwellian
velocities with the temperature 1000 K. They were con-
sidered individually and the trajectory of each one of
them was calculated before considering the next one. To
be trapped, the coordinates x, y  and z must inside the
volume of the trap which has hyperboloidal electrodes.
The trapping conditions are then
r2 −  2z2 <  r20 and 2z2 −  r2 <  2z20 (7)
This is tested every time step. If the test is negative,
the ion is considered as lost and the calculations stopped
for it. At ξ  = ξmax the number of ions remaining trapped
for a working point (qz, az) is counted.The number of ions trapped up to ξmax as function of
the Mathieu parameters is shown in Fig. 1 in grayscale
map. qz was scanned from 0 to 1.5 with a step of 0.0111
and az taken from -0.5 to 0.2 with a step of 0.0044.
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Fig. 1. Simulated lowest stability domain for (a) an ideal quadrupole
trap and (b) a quadrupole trap with superimposed octopolar potential.
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d2z
dτ2
=  −β2A cos βτ  −  (β  +  2)2B cos(β  +  2)τ
− (β  −  2)2C  cos(β  −  2)τ  (12)he crosses represent the calculated limits of the domain and the dots
re the calculated non linear resonance lines.
he limits of the trapping domain obtained here cor-
espond to those calculated using the recursion formula
or the determination of βz and βr [6]. Fig. 1(a) corre-
ponds to an ideal trap with f  = 0 and Fig. 1(b) is obtained
ith f = 0.005. The main difference between the 2 graphs
s the appearance of lines in the domain with reduced
umber of trapped ions. These are called the non linear
esonances and occur when [3]
rβr +  nzβz =  2n  (8)
r, nz and n  are integers such that |nr| + |nz| is the min-
mum order of the potential inducing these resonances
here 4). In Fig. 1(b), we identify the lines 4βz = 2, 4βr = 2
nd 2βz + 2βr = 2. They have been observed experimen-
ally [11] when H+ ions were stored in a radiofrequency
uadrupole ion trap having the same r0 and z0 we con-
idered.ity for Science 10 (2016) 407–411 409
4.  Ion’s  oscillation  frequencies
For the ideal trap, the ion’s oscillation frequencies are
only function of the Mathieu parameters az and qz [6].
When the octopolar potential is present, the frequencies
are also function of its strength (function of f) and of
the amplitudes of the oscillations [5]. To see this effect
using our simulation method, we studied the motion of
an ion in the z-direction. We considered an ion starting
from rest at t = 0 and z = zi. We took az = 0 and different
small values for qz and f. The calculations were done
up to 1000 periods of the RF voltage (ξmax = 2 ×103π).
Fig. 2 give the results for qz = 0.2, and zi = 1 and 4 mm.
Fig. 2(a) is obtained for f  = 0 and Fig. 2(b) is for f  = 0.05.
As expected the oscillation frequencies are the same for
the first case while they are different for the second. The
frequency is larger for larger values of the amplitude. In
all cases, we can estimate the fundamental frequency and
its corresponding amplitude by fitting the curves using a
sine function.
In order to calculate the frequencies for the cases we
treated, we consider the ion’s equation of motion (3) for
z and with az = 0. This is
d2z
dτ2
−  2qz cos(2τ)(z  +  αz3) =  0 (9)
with α =  2f/r20.
The general solution is [5]
z =
+∞∑
n=−∞
c2n cos(β  +  2n)τ (10)
c2n are constants. By considering only the terms for n  = 0,
1 and −1, we can write
z =  A  cos βτ  +  B  cos(β  +  2)τ  +  C  cos(β  −  2)τ  (11)
We suppose that A is much larger than B  and C. ThenNeglecting the terms with B2, B3, C2, C3, BC, and
keeping only the terms with cos βτ, cos(β  + 2)τ  and
cos(β −  2)τ  we get
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 ξ for ziFig. 2. Evolution of z as function of
z3 cos(2τ) ≈  A3cos3βτ+3A2cos2βτ(B  cos(β+2)τ
+C cos(β−2)τ)
≈ 9A
2
8
(B+C) cos βτ
+3A
3
8
cos(β+2)τ+ 3A
3
8
cos(β−2)τ
(13)
z cos(2τ) ≈ B  +  C
2
cos βτ  + A
2
cos(β +  2)τ
A+
2
cos(β −  2)τ (14)
Replacing (12)–(14) in Eq. (9) We have
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[
β2A  +  qz
(
1 + 9
4
αA2
)
(B  +  C)
]
cos βτ
+
[
(β +  2)2B  +  qzA
(
1 + 3
4
αA2
)]
cos(β  +  2)τ
+
[
(β −  2)2C  +  qzA
(
1 + 3
4
αA2
)]
cos(β  −  2)τ  =  0
(15)
This gives
β2A  +  qz
(
1 + 9αA2
)
(B  +  C) =  0 (16)
4
(β +  2)2B  +  qzA
(
1 + 3
4
αA2
)
= 0 (17)
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β  −  2)2C  +  qzA
(
1 + 3
4
αA2
)
= 0 (18)
The initial condition gives the equation
 +  B  +  C =  zi (19)
For small values of β, Eqs. (17) and (18) give
 ≈  −qz
4
A(1 −  β)
(
1 + 3
4
αA2
)
(20)
 ≈  −qz
4
A(1 +  β)
(
1 + 3
4
αA2
)
(21)
Eqs. (19)–(21) then give
3
8
qzαA
3 −
(
1 − qz
2
)
A +  zi =  0 (22)
Neglecting the term 38qzαA
3
, we find
 ≈ zi
1 − qz2
(23)
This equation with Eqs. (16) and (19) give
2 = q
2
z
2
(
1 + 9
4
αA2
)
(24)
hich reduces to the expression of the adiabatic approx-
matiopn for f = 0 [6]. In Fig. 3, we show the values
f beta that we get from the truncated series solution
f the equation of motion and those obtained using
qs. (23) and (24). We considered zi = 0.1, 1 and 4 mm.
or each one of these values, we took f = 0%, 5% and
0%. Fig. 3(a) is for qz = 0.1 and Fig. 3(b) for qz = 0.2.
here is a good agreement between the simulation and
he calculation. We have 3.4% difference in the worst
ase.
.  Conclusion
The equations of motion of ions in a radiofrequency
uadrupole ion trap are solved numerically by repre-
enting the coordinates of the ions by truncated series
f degree 15 and using recursion relations for the
oefficients of the series. By considering the evolution of
he position of hundreds of ions up to several thousands
f periods of the RF field and counting the number of
ons which remain in the geometrical limits of the trap,
he stability diagram is obtained for an ideal trap and
hen an octopolar potential is added. The non linear
[ity for Science 10 (2016) 407–411 411
resonances are observed. The calculations are possible
thanks to the reduced computational time the method
allows.
The method shows the variation of the ion’s oscilla-
tion frequencies with the amplitude when the octopolar
potential is present. For small value of the Mathieu
parameter qz, these variations are in good agreement with
what is expected from the theory.
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